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ABSTRACT. Let X be a finite tree. It is shown that X is orderisomorphic to the prime spectrum of a Bezout domain R such that every localization of R is a maximal valuation ring.
Let R be a Bezout domain and let spec R denote the set of prime ideals of R considered as a partially ordered set under inclusion. It is well known that the localizations of R at prime ideals are valuation rings and that spec Pisa tree: for each s £ spec P, \x £ spec R: x < s\ is totally ordered. The trees of the form spec R, R a Bezout domain, have been completely characterized by Lewis [L] , although the localizations R"
in this construction are in general badly behaved.
In this paper we show that every finite tree with a unique minimal element is order-isomorphic to spec P, for some Bezout domain P which is locally a maximal valuation ring.
The construction in this paper is a generalization of an example of Barbara Osofsky which appears in [M2] . I would like to thank her for sending me the details of her construction with some suggestions for generalization.
Also I am grateful to Tom Shores who carefully worked out some helpful facts about maximally complete fields.
Main theorem. Let X be a finite tree. Then there exists a Bezout domain R such that (1) spec R is order-isomorphic to X, and (2) the localizations of R at prime ideals are maximal valuation rings.
Proof. The procedure will be to exhibit P as the intersection of a finite number of maximal valuation rings. Let C = \CQ, C., ••• , C S denote the set of maximal chains indexed so that length (C ■) < length (C._ .), 1 < i < ?2. (As usual, the length of a chain is one less than its cardinality.) For each maximal chain C., we find a maximal valuation ring 0 ., whose rank is equal to the length of the chain C. and whose quotient field is an alge-LOCALLY MAXIMAL BEZOUT DOMAINS H braically closed field K (fixed for all 2). More precisely, we first construct U , whose rank is equal to the length of C"; then each 0 . will be an ap- In what follows, we let C denote the field of complex numbers; Q is the additive ordered group of the rationals; and Q is the set of positive rationals. Let k be the length (CQ), a longest chain in X.
We begin by constructing 0 = 0O, which is to be a valuation ring of P . = \rxa\r £ 0, a £ Q + S; also P . C P . if i < j.
We now pause to establish notation which will be fixed for the rest of ., and using (4) we deduce c , = c. . Since X is a tree, c . = c.. for all 2 ' 6 mt it ' 777; 2; 0 < 7' < i. Now C has onlv / elements: thus C C C, a contradiction.
By [K, Theorem 107, p. 78], P is Bezout and the maximal ideals of R ate precisely \N . Ci R, 0 < j < n], where N . is the maximal ideal of V.; also V ■ is the localization of P at N . D P. It easily follows that every prime ideal of P is of the form Q Ci R, where Q is a prime ideal of some V., that is:
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use LOCALLY MAXIMAL BEZOUT DOMAINS 13 (6) The prime ideals of P are of the form a. (P .) n P with 0 < i < n, 0 <j<k.. (Note that these ideals need not be distinct for different i.)
Each localization of P is a localization of some V. and the latter is 2 isomorphic to the maximal valuation ring 0 .. Therefore the localizations of P at prime ideals are maximal valuation rings.
To complete the proof, we define a function cS from X to spec P by c/Xc..) = a .(P .) n R; we will show c/j is an order isomorphism. We claim <£ is an order isomorphism. If c, <c. for some 0 < /, i < n, 0 < t < k., 0 < j < k., then since X is a tree, c, = c. and í < 7. But 0(c, )
= é(c.l) = a.(P)n R and c6(c) = a.(P.) n P. Now í < 7 implies PCP. In [L] , Lewis shows X ~ spec R for some Bezout domain R if and only if (1) X has a unique minimal element; (2) if x, y, z £ X and x < z, y < z, then x < y or y < x; (3) if x, y e X and x < y, then there exists z, w £ X with x < z < w < y and no elements of X lie between z and w; and (4) 
